POISSON-RIEMANNIAN GEOMETRY
Shahn Majid (QMUL) GQTA Sandbjerg 2018

@ Quantum Riemannian geometry on any algebra (4,9,d,g,V,...)
LTCC lectures 2011 (a bimodule approach — DVM) & Book w/ Beggs 2019

(» Quantum geometry of quantum groups
Alg. Repn.Theory, 20 (2017)

(2) Semiclassicalisation of quantum Riemannian geometry
(COO (M), W, g, V) W Poisson tensor G metric V (flat) Poisson conn

w/ Beggs, |. Geom. Phys. |14 (2017)

If does not exist flat conn => [ non assoc ext. algebra
extra cotangent dimensions

Fg. M =ch(S)={m(S) = G}/G ={G — bun, flat conn}
w Poisson structure (ABGN) ¢ Kahler



Quantum differentials on an algebra A

Classically, C*(M)=Q(M) C Q(M) = ©;Q' (M)

(' space of 1-forms, e.g. 'differentials’ ¢ — Z a—f.dxi

| — Ox
fdg = (dg)f € Q ’
AQeAQ—Q dwAn) =(dw) An+ (=D)*lwAdy
wAn=(=DMpAw d2=0 ‘graded Leibniz rule’

@ algebra A over k we drop the (graded) commutativity, just keep:

Q! a((db)c)=(a(db))c ‘bimodule’
d: A— Q! d(ab)=(da)b+a(db) ‘Leibniz rule’
) adb} = ‘surjectivity’
kerd = k.1 (‘connected’)

@ require this to extend to a DGA Q = T,Q' /7 = 9,07, d?2 =0
@ innerifexists 0cQ', d=10, }



Nice problem: take your favourite algebra and classify all
differential structures (perhaps with some symmetry)

e.g. bicovariant connected classical dim
<— pre-Lie algebra

Thm

bicovariant su r'jective

o:g®g—g [Ty =zoy—you

QL (U — (eZ' (g, A
( (g)) ¢ € (9, ) (xroy)oz—(yox)oz=xo0(yoz)—yo(xoz)

dz =1®((z), Q' =U(g) @A A ={dy|yeg}=g [r,dyl =d(zoy)

= Q(U(g)) by skew-symmetrisation of products of Al

@ Example g: [t =Ar (see later)
@ Example g = Vect(M) and torsion free flat connection
roy=Vay, Vigy2=VeVyz—VyVyz
A = U(diff(M)) [z, y] = V,y — Vo



